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An Introduction to Continued Fractions, Part 1 of
2

Abstract

In this session, we shall explore continued fractions and their applications. Our
approach is modeled on that of The Ross Mathematics Program (formerly The Ross
Young Scholars Program), as well as more traditional texts such as [1] and [2].

Background needed: Prerequisites include basic algebra and some experience
with inequalities. Prior experience with mathematical induction would be useful,
but to the heretofore uninitiated, we will be presenting a self-contained introduc-
tion to induction. Other novel topics will be introduced as needed.

Note: Like most Chapel Hill Math Circle worksheets, this document shall be archived
at chapelhillmathcircle.org. You can presently find CHMC'’s archives—and for all groups’
worksheets, not just those for the advanced group—by navigating to the “Calendar”
tab or page, selecting the relevant academic term, then finding the clickable links
for each worksheet (where available). Blue text in this document, including in the
References, typically provides a clickable link to an external website.
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0 Warmup

As prerequisites for this session, it will help to answer the following first. You do not
need to know these answers already, and many questions will be revisited later in the
worksheet.

0.1 Whatis mathematical induction? Can you given an example of how to prove some-
thing using mathematical induction?

0.2 What is the greatest integer function or floor function?

0.3 Let
a c

b d

be a 2 x 2 matrix. What is the determinant of M, denoted det M? Can you extend
this definition for 2 x 2 matrices to 3 x 3 and 4 x 4 matrices?

M := 0.1)

0.4 Whatis a quadratic equation? What is the quadratic formula?

0.5 Let k be a positive integer that is not a perfect square. If a, b, ¢, d are integers, what
does it mean to rationalize an expression of the form

a+b\/E?
c+d\/E'

For example, how can we rewrite the value

2+3
1-4v/3

(0.2)

in rationalized form?


https://en.wikipedia.org/wiki/Mathematical_induction
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1 Continued Fractions: Basic Concepts and Notation

1.1 Discussion

This week we explore the concept of continued fractions. These may first seem like arti-
ficial constructions, but they are incredibly useful in obtaining “good” rational approxi-
mations to real numbers, as well as solutions to at least two classes of Diophantine equa-
tions.

Definition 1.1.1. A finite simple continued fraction is an expression of the form

1

o+ (1.L.1)

a +

a, +
2+- . 1
’ 1
ap_1+—
an
where ay is an integer, and ay, ay, ..., a, are all positive integers. To simplify this notation
we let

lag; a1, a, ..., ayl (1.1.2)

denote the above expression.

Remark. 1f n = 1, then we typically prefer to choose a, such that a, = 2. Otherwise,
an_1 + u%, = dp_1+1 = au—1 + 1, in which case we could replace a,—; + aln by an_1 +1,
another positive integer.

Further, the expression in (1.1.1) is called a simple continued fraction because all the
numerators are 1. There are more general continued fractions of the form

b
b2 ’
bs
L

by,
an-1+—
an

ap+

a +

ar +

where the a; and b; are numbers, typically integers. For our purposes, “continued frac-
tion” here will by default mean simple continued fraction.

Example 1.1.2. Let us express the continued fraction

1

1 1
T

24—
3

4;1,2,3]:=4+ (1.1.3)
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as arational number of the form P/Q, where P, Q are integers, Q is positive, and gcd(P, Q) =
1. In other words, we want to express the continued fraction [4;1,2, 3] as a fraction in low-
est terms.

Working from the bottom up, we have

4 1 =4 1 =4 1 =4 1—4 !
+—1— + 1= + 3= +1—0— +E
14+ —— 1+—= 1+-= —
1 7 7
2+ — =
3 3
1 47
=>4+ 1 :1—0,
1+ 1
2+ =
3

so we may take P:=47, Q:=10.

The following, an algorithm for computing the greatest common divisor (“gcd”) of two
integers, shall later prove useful in computing continued fractions:

Theorem 1.1.3 (The Euclidean Algorithm). Let a, b be integers with b # 0. Let q, 1 be the
unique quotients and remainders under the Division Algorithm such that

a=bq, +r, with0<ry <|b| (1.1.4)
b= rngs+ro, with0<r,<n (1.1.5)
r=raqs+rs, with0<r3<rp (1.1.6)
ri=Trj+1gj+2 + Ij+2, with0 < Ij+2 < Fi+1 (1.1.7)
I'n-2=Tn-1q4n+p, with0<r, <rp_1 (1.1.8)
T'n-1=Tnqn+1; (1.1.9)

thatis, n and r, are defined so that r,, last nonzero remainder from successive applications
of the Division Algorithm. Then
ged(a, b) = ry,. (1.1.10)

That is, we divide a by b, then take the integer quotient g; and remainder r,. Next, we
divide b by r;, taking integer quotient g, and remainder r,. If we continue dividing each
remainder r; by the next remainder r;,; to determine the next remainder r;,», then the
final nonzero remainder r, is equal to gcd(a, b), the greatest common divisor of a and b.
The Euclidean Algorithm is explored in more detail in our session of October 7, 2023.


https://en.wikipedia.org/wiki/Greatest_common_divisor
https://chapelhillmathcircle.org/wp-content/uploads/2023/11/adv20231007euclideanalgorithm.pdf
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Example 1.1.4. Consider the case a:=47, b:=10. Then we have

47=10-4+7
10= 7-1+3
7= 3-2+[1]

= 1-3+0.

and gcd(a, b) = gcd(47,10) = 1, the last nonzero remainder above.

Remark. Compare the underlined quotients in Example 1.1.4 to our solution to Exam-
ple 1.1.2. As we shall see below, this similarity is not mere coincidence!

Corollary1.1.4(a). Leta, b be integers withb > 0. Then if q; andr; areintegersasin (1.1.4)—
(1.1.9), we have

_ kﬁJ _ fl _ | Tn-2 and | Tn-1| _ Tn-1
6/1— b »612— n ,---»Cln— r ’ 6]n+1— r - rnr

n—1 n

and in general,
rji-2
q;j = {_J (1.1.11)

rj_l

where | x| denotes the greatest integer or floor function of the real number x.

In general, | x| is the greatest integer n less than or equal to x. Equivalently, | x| is the
unique integer n such that
n<x<n+l.

Remark. Compare the result of Corollary 1.1.4(a) to Exercise 0.2. Further, this connection
between the Euclidean Algorithm and greatest integers shall be useful later to compute
the continued fraction for

In Example 1.1.2, we sought to simplify a continued fraction to express it as its lowest-
terms quotient of integers. One application of Corollary 1.1.4(a) is allow us to compute
the continued fraction for a rational number.

Example 1.1.5. Express the rational number — % as a continued fraction.

The natural starting point is to compute ay, the first coefficient in the continued
fraction [ag; ay,..., a,] for %. (After all, we don’t a priori know how many terms are in
the continued fraction [ag; a4, ..., a,] for —%, so it seems premature to start with the
“bottom” entry a,.) Note that ay,ay,...,a, are all positive integers, so the expression
la1; az, as,...,a,] will be positive and satisfy the inequality [a;; ay, as, ..., a,] < 1. Com-

bining this, we conclude that
49
ap = {— J , (1.1.12)

23

whence ay = —3.


https://en.wikipedia.org/wiki/Floor_and_ceiling_functions
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Beginning with a,, we have

19 _ 3+20— 3+ L _ 3+ L _ 3+ 1
23 23 23 e 1+ L
20 20 @
3
=-3 L =-3 L =-3 L
‘_+1 1 ‘_+1 1 ‘_+1 T
+—2 + T + 1
6+— 6+ 6+
3 3
— 1+_
2
and therefore 49
-—=[-3;1,6,1,2]. 1.1.13
>3 [ ] ( )

1.2 Exercises

Let’s begin with some simple computational exercises about computations with contin-
ued fractions.

1.1 Simplify [-1;7,2] as a fraction of the form P/Q, where P, Q are integers, Q > 0, and
P/Qisinlowest terms.

1.2 Compute, as above, [0;9,1, 3].

1.3 Compute the continued fraction expansion for %.

1.4 Let a:=[4;1,2,3]. We computed « in Example 1.1.2 above. Compute each of the
continued fractions [4], [4;1], [4;1,2]. (As we shall see in Section 2, these are called
the convergentsto a.)

1.5 Consider a := % as in Example 1.1.2 and Exercise #1.4. What is the best approxima-
tion to a with denominator 1? That is, what rational number of the form %, where

P is an integer, is such that the distance from % to % is as small as possible?

6
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Repeat this for denominators 2, 3, 4, all the way up to 10.

1.6 Let P, Q be integers, with Q > 0. Can you explain how to use the Euclidean Algo-
rithm to compute the continued fraction for g? What happens if g is not in lowest
terms?

2 Convergents, the Magic Table, and Mathematical Induc-
tion

2.1 Discussion

Next, we consider some exercises exploring the properties of the convergents and the
magic table for a given continued fraction. Note: proofs for many of these exercises can
be obtained via mathematical induction; see Exercise #0.1 and the accompanying sup-
plement on mathematical induction for background. If you are unfamiliar with induc-
tion, then find a volunteer or fellow student to help explain it.

Definition 2.1.1. Let a be either a simple finite continued fraction or an infinite sim-
ple continued fraction as in Definitions 1.1.1 and 3.1.1, respectively. Further, let k be an
integer with 0 < k < n. Then the kth convergent to a is the finite continued fraction

ay:=lag;ay,...,axl. (2.1.1)
In other words, a convergent to a will be a truncation of the continued fraction for a.

Definition 2.1.2. Let a be either a finite or infinite simple continued fraction as above.
Then the magic table for a is an array of the form

ap a) ay as as as | -
O|1 | Py| Pr| Py | P3| Py | P5 | -+~ (2.1.2)
110 Qo | Q1| Q2| Q3| Qs Qs




Chapel Hill Math Circle: An Introduction to Continued Fractions, Part 1 of2  January 18, 2025

The P; and Q; are integers defined by the following recurrence relations:

P_,:=0 Q-:=1 (2.1.3)
P =1 Q-1:=0 (2.1.4)
Py:=ay Qo:=1 (2.1.5)
Py := agPi-1+ Pr-2 Qk = ax Q-1+ Qk-2, (2.1.6)

and therefore (2.1.2) begins, equivalently, as

ap | a1 ap as
1| ay| arap+1 | avarag+ax+ag | asaayag+ asa + asag+ ayap+ 1
10 1 a ara; +1 asaxa; + as + a;

(2.1.7)

Example 2.1.3. Let a :=[3;1,2,4]. Then the magic table for « is

3|1 2| 4
11341148
1{0f1j1] 3|13

In the top row, we have

3=3-1+0

4=1-3+1
11=2-4+3
48=4-11+4;

in the bottom row, we have

1=3-0+1

1=1-1+0

3=2-1+1

13=4-3+1.
For many of the exercises in this and subsequent sections, it will be useful to use
mathematical induction. We present here a brief overview of the method. For a more

thorough introduction to induction, see the accompanying supplement “Mathematical
Induction” provided separately.

2.2 Exercises

2.1 Prove that for any continued fraction [ag; a1, ay, ..., a,], we have Qp = 1, Q; = 1,
Q2=2,Q3=3,Q4 =5, and in general, Q, > Q,-1 and Q, > n+1forall n = 3. (Can
you provide an even better lower bound for Q?)

8
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2.2 Let [ag; a1, ay,...,a,] be a continued fraction. Prove that for each integer k with
1< k < n, we have

Pr_1 Py

= P;_10r — Qp_1Pr. = (=D, 2.2.1
Qr1 O k-1Qk — Qk-1Pr = (-1) ( )

det [

2.3 Let [ag; a1, ay,...,a,] be a continued fraction. Prove that for each integer k with
1<k < n, wehave

Py_p Pg

det [Qk—z Qk

] = Pr_2Qr — Qk—2P = (=D 'ay. (2.2.2)

2.4 Leta:=lay;a,,...,a;,] beacontinued fraction. Prove that a = %; that is, prove that
the continued fraction « is recovered as the quotient entries under index 7 in the
P

magic table. Moreover, prove that o is already in lowest terms.

2.5 Leta:=lag;a,...,a,], where each a; >0.If a = %, prove that

Py

I . _
a = [an)a}’l—l;---yalya()] = .
Pp

(2.2.3)

That is, if a is a rational number with a > 1, and a = [ag; a3, ..., a,] as a continued
fraction, then by taking the continued fraction a’ = [a,; a,-1,..., ay] formed by re-
versing the order of the a;, the result is the quotient P,/ P, of the final two entries
in the top row of the magic table for a.
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2.6 Prove that for indices k for which all quantities makes sense,

Pk Pk+1

Qk Qk+1

1 1
= < —2
QkQik+1  Qf

(2.2.4)

2.7 Let a := [ag; ay,...,ay,] be a finite continued fraction. Prove that for each k with
O0<k<mnanday:=lag;a,..., ar], we have

o< ar<ay<--<a<---<as<az<aj. (2.2.5)

2.8 Let [ag;a1,ay,...,a,,...] be an infinite continued fraction, as in Definition 3.1.1.
Explain why this infinite continued fraction must represent an actual real num-
ber. For those of you with some basic understanding of the relevant concepts, this
means that you should give some argument why

lim [ag; a;, ay, ..., a;] (2.2.6)
n—oo

exists.

2.9 Let a be any real number. Explain how to obtain a continued fraction representa-
tion for @. Must this continued fraction for a be unique?

10
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2.10 Challenging: Let a be a rational number. Say that you know that in lowest terms,
a =P/Q, and Q < 1000, for example. If I give you some initial portion of the dec-
imal expansion for a, explain how you might be able to recover a as a quotient of
integers a = P/Q.

For example, if I gave you the rational number a = 0.2064220183486.. ., then know-
ing that Q <1000, how might you express a as a quotient of integers?

Hint: Given the decimal expansion for a, how would you compute the continued
fraction for a? How does knowing that Q < 1000 help?

3 Infinite Continued Fractions

3.1 Discussion

We begin by generalizing our definition of finite simple continued fractions (Definition 1.1.1)
to continued fractions that are infinitely “deep”:

Definition 3.1.1. An infinite simple continued fraction is an expression of the form

1
(3.1.1)

ap +

a) +

ar +

an_l +
an+ —

where qy is an integer, and ay, ay, ..., a,, ... are all positive integers. As in Definition 1.1.1,
we let
lag; ai, ay,...,ay,...] (3.1.2)

denote the above infinite simple continued fraction.

As above with finite continued fractions, since we shall be considering only simple
continued fractions, we consider “simple” to be implicit whenever we use the term “con-
tinued fraction”, including for infinite continued fractions.

11
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Definition 3.1.2. Let a := [ag; a1, ay, ..., an,...] be an infinite simple continued fraction.
We say that a is periodic if the sequence eventually repeats. That is, a is periodic if and
only if it is of the form

lao; ar,..., Ak, Ak+15 - o) Amy A1y -5 Ay -] (3.1.3)
We denote a periodic infinite continued fraction as above by
lao; ay,...,ax, Qgs1s---y Om) (3.1.4)

or
lao; ay,...,ak, ks, Aml. (3.1.5)

3.2 Exercises

3.2.1 Let a:=v/3. What is the infinite continued fraction expansion for a?

3.2.2 Compute the infinite continued fraction for v/2, and compute the first few entries
of its magic table. Further, compute values of P,zC - 2Qi for the first few columns of
the magic table.

3.2.3 Assuming convergence, compute the value for the infinite continued fraction a :=
[1;1,1,...] = [1;1]. Construct the magic table, and compute the first few entries.
Can you recognize the pattern?

3.2.4 Verify that ¢ := 1+T\/5 is a solution to the equation x?> — x — 1 = 0. Use this to find an
alternate derivation for the continued fraction expansion for ¢.

Hint: Note that since x2 — x—1 = 0, we have x? = x+ 1 and therefore x = 1 + % What

happens when we repeatedly substitute the right-hand side of this equation into
itself?

12
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3.2.5 Compute the infinite continued fraction expansion for v/41. For the first few columns
of its magic table, compute the values P? —41Q5.

4 Linear Diophantine Equations

4.1 Discussion

Given integers a, b, and ¢, an important subject of study in number theory is the linear
Diophantine equation
ax+by=c. (4.1.1)

It should be familiar that if a, b, and c are given, then if (4.1.1) has any solution, then the
set of all points (x, y) satisfying this equation forms a line in the plane. In the case of a
Diophantine equation, though, we are interested in only those solutions (x, y) to a given
equation such that both coordinates are integers.

One of the most useful notions in number theory is that of a modular multiplicative
inverse modulo m. Namely, if a and m are integers, we wish to compute—if possible—an
integer x such that ax =1 (mod m). Using continued fractions and convergents, we shall
explain how to compute such multiplicative inverse efficiently and explicitly, provided
they exist. The relevant definitions and concepts, many of which may be familiar from
past sessions, shall be presented in the exercises of Subsection 4.2.

4,2 Exercises

4.1 Let a, b be positive integers. If gcd(a, b) = 1, describe a method guaranteed to pro-
duce integers x, y such that ax + by = 1. More generally, if gcd(a, b) = d, how can
we produce integers x, y such that ax+ by = d?

4.2 Let a, b be positive integers. If d := gcd(a, b), then describe a method to find inte-
gers x and y such that ax+ by =d.

13
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4.3 Let a, b, and c be arbitrarily given integers. Provide, with justification, a set of cri-
teria for which the equation ax + by = ¢, Equation 4.1.1 above, has a solution such
that x and y are both integers.

4.4 Let a and m be integers, with m > 1. We say that x is the multiplicative inverse of a
modulo m if and only if x is an integer and ax =1 (mod m). (For those unfamiliar
with modular arithmetic: this means that ax — 1 is divisible by m.) Important: note
that x must itself be an integer!

Fix an integer m > 1. Give a complete characterization of all integers a such that
a has a multiplicative inverse modulo m. For those a admitting a multiplicative
inverse modulo m, provide a method for computing such a multiplicative inverse.

4.5 Compute, if possible, the following multiplicative inverses modulo m for a:

@ a:=4, m:=17

(b) a:=43, m:=257

(c) a:=17, m:=119

14
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4.6 Let ay,...,a,c be integers. When can we solve the Diophantine equation
X1+ axxy+--apXp==c¢C

for integers xi,...,x;? For those cases where a solution exists, describe an algo-
rithm for producing at least one solution.

5 To Be Continued...

In our next session, we will further explore continued fraction methods. In particular,
we shall further explore rational approximations to real numbers using convergents, and
we consider in more generality Pell’s Equation, the Diophantine equation of the form
x? - dy? =1, where d is a positive integer.
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1 Preliminaries

Let {P(n)} be a collection of statements associated with every positive integer n. These
statements should, in principle, be either true or false.

Example 1.1. For all positive integers n, let P(n) denote the statement
3n+1iseven.

Then P(1) is true, since 3-1+1 =4 is even. Conversely, P(2) is false, since 3-:2+1 =7 is
odd.

In general, one can show that for positive integers n, P(n) is true—that is, 3n+ 1 is
even—if and only if 7 is odd.

Example 1.2. For all positive integers n, let P(n) be the statement
19" + 4"*1 s divisible by 5.

For P(1), we have 19! + 41! = 19+ 16 = 35, which is divisible by 5. Therefore, P(1) is true.
Similarly, 192 +42+1 = 361 + 64 = 425, also divisible by 5, so P(2) is true.

Later, we shall show that P(n) is true for all positive integers n. (Those of you familiar
with modular arithmetic may already see how to prove this directly.)

Example 1.3.

For all positive integers 7, let P(n) be the statement
22" +1is prime.

Since 22' 11=2241=5is prime, P(1) is true. Similarly, 22 11=17is prime, 2241 = 257,
and 22" +1 = 65,537 is prime. Therefore, P(2), P(3), and P(4) are all true. Next, 22° 41 =

6,700,417. One can show, however, that 641 | 6,700,471; that is, 641 is a divisor of 22° 41
5
with no remainder. Therefore, 22° + 1 is not prime, so P(5) is false.

Note: The numbers 22" + 1 are called Fermat numbers. Fermat conjectured that all
Fermat numbers are prime, but Euler discovered the above nontrivial divisor of 22 41,
Since then, no larger Fermat number has been shown to be prime. There are open con-
jectures whether all larger Fermat numbers are composite, finitely many are prime, or
finitely many are composite.

2 Mathematical Induction

A typical problem in mathematics is to show that for a given statement P, we want to
prove that P(n) is true for every positive integer n. In the next section, we introduce a
general technique to prove such statements.
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Theorem 2.1 (Mathematical Induction). Let{P(n)} be a collection of statements for every
positive integer n. Then P(n) is true for every positive integer n if and only if

(@) P(1) is true, and
(b) for every positive integer, if P(n) is true, then P(n+1) is true.

The condition in Theorem 2.1(a) is called the base case, and the condition in Theo-
rem 2.1(b) is the inductive step. Note, in particular, that the inductive step is a conditional
statement where the goal is to show that if P(n) is true, then as a consequence it follows
that P(n+1) is also true. In trying to verify the inductive step holds, then, we assume P(n)
is true by hypothesis, and we attempt to deduce the truth of P(n+1) as a corollary of P(n)
being true.

Theorem 2.1 is sometimes described as weak induction to distinguish it from strong
induction as described in Section 4. Here, we shall characterize mathematical induction
as a theorem, though it can alternately be taken as an axiom for the positive integers.

A common way to explain the intuition behind induction is to imagine each of the
statements P(1), P(2), P(3),... are all arranged as an infinite sequence dominoes, and the
goal is to establish that every domino falls over. In this analogy, the base case tells us the
first domino falls over. The inductive step tells us that if a given domino falls over, then its
successor domino likewise topples. Since P(1) is true by the base case, P(1+1) = P(2) is
true by the inductive step. Similarly, since P(2) was just established to be true, P(2+1) =
P(3) must be true by the inductive step. Continuing in this way, we see that P(4), P(5),
P(6), and so on must all be true.

3 Proof Examples Using Mathematical Induction

The best way to understand how mathematical induction works is from examples—and
your own practice.

Proposition 3.1. Let n be a positive integer. Then

nn+1)
1+2+---+(n—1)+n:T. 3.1

Proof of Proposition 3.1 by mathematical induction. Let P(n) be the statement in (3.1).
We prove that P(n) is true for all positive integers n by mathematical induction.
Base Case: We have

11+1
1= ( )
2
by inspection, so P(1) is true.
Inductive Step: Assume that P(n) is true; that is, by hypothesis,

nn+1)

1+2+---+(n—-1)+n= 3.2)
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Our goal is to show that P(n + 1) is true; that is,

n+D[(n+1)+1]

142+--+(n-D+n+(n+1)= 9

(3.3)

Adding n + 1 to both sides of (3.2), we have

nn+1)

1+42+---+(n-1)+n=———

nn+1)
:>1+2+---+(n—1)+n+(n+1):T+(n+1)

n
:>1+2+---+(n—1)+n+(n+1):(n+1)(§+1), since n + 1 is a common factor

:>1+2+---+(n—1)+n+(n+1):(n+1)(%)

(n+1)(n+2)
:>1+2+---+(n—1)+n+(n+1):f

(n+D[(n+1)+1]
= 1+2+---+(m-D+n+(n+1)= 2 ,

and this final statement is precisely P(n + 1) from (3.3).
Since both the base case and inductive step are true, by mathematical induction, we
conclude that P(n) is true for every positive integer, completing the proof. O

Proposition 3.2. For every positive integer n, 19" +4""*! is divisible by 5.
(Compare to Example 1.2.)
Proof of Proposition 3.2 by mathematical induction. Let P(n) be the statement
19" +4"*1 is divisible by 5;
equivalently, there exists some integer k (depending on n) such that
19" +4"! =5k,

We prove that P(n) is true for all positive integers n by mathematical induction.
Base Case: For P(1), we have

19" + 41 =19+ 42
=19+16
=35,

which is divisible by 5. Therefore, P(1) is true.
Inductive Step: Assume that P(n) is true; that is, by hypothesis, 19" +4""! is divisible by 5.
Concretely, let k be the integer such that

19" + 4" =5k,
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To show that P(n + 1) is also true, we must show that 19"+ + 4"*2 is also divisible by 5.
We have

19" 4472 = 19.19" + 4.4

=19 [(19” +4n+1) _4n+1] +4'4n+1

=19(19" +4""1) —19.4"" 1 4.4}

=19(19" +4™"" + (=19 + 4)4"*!

=19(19" +4"*1) —15.4"*1

=19-5k-5(3-4"")

=5(19k-3-4"1).
Since 19k —3-4"""! is an integer, this entire expression is therefore a multiple of 5. There-
fore, if P(n) is true, sois P(n+1).

Because both the base case and inductive steps are true, by mathematical induction
it follows that P(n) is true for every positive integer n, as desired. O

Proposition 3.3. For every positive integer n, 2n < 3".

Proof of Proposition 3.3 by mathematical induction. Let P(n) be the statement 2n < 3".
Base Case: For P(1), we have
2-1=2<3=31,

s02-1< 3!, and the base case P(1) is therefore true.
Inductive Step: Assume that P(n) is true for some positive integer n; that is, assume that

3" > 2n for some positive integer n. We wish to prove P(n + 1) is true; that is, that 3n+l s
2(n+1) follows as a consequence of P(n).
As a preliminary matter, note that for any positive integer n,
n+1 B 1

1+—
n n

1
51+I, since neN

=1+1
=2
<3,
SO
n+1
< 3. (3.4)
n

for every positive integer n.
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Now, from the hypothesis that P(n) is true, we have

+1

n
—2(n+1) <3

n
2n<3"=2n-

< 3™.3, multiplying by (3.4)

so P(n+1) is true as well.
Since both the base case and inductive steps hold, the proposition is true by mathe-
matical induction. O

4 Variants of Mathematical Induction

Theorem 2.1 is the most familiar version of mathematical induction. Alternatives to weak
induction are often more versatile and powerful than this elementary version:

Theorem 4.1 (Strong Mathematical Induction). Let {P(n)} be a collection of statements
for every positive integer n. Then P(n) is true for every positive integer n if and only if

(a) P(1) is true, and

(b) for every positive integer, if P (k) is true for every positive integer k < n, then P(n+1)
is true.

Theorem 4.2 (Mathematical Induction, Multiple Base Cases). Assume kg is a positive in-
teger, and let {P(n)} be a collection of statements for every positive integer n. Then P(n) is
true for every positive integer n if and only if

(a) P(1),...,P(ky) are each true, and
(b) forevery integer n = ky, if P(n) is true, then P(n+1) is true.

Theorem 4.3 (Mathematical Induction, Alternate Base Cases). Let ko be an integer, and
let {P(n)} be a collection of statements for every integer n = ky. Then P(n) is true for every
integer n = ky if and only if

(a) P(ky) is true, and
(b) forevery integer n = ky, if P(n) is true, then P(n+1) is true.

The following powerful principle—alternately taken as an axiom for the integers or a
consequence of other axiomatic descriptions of the integers such as the Peano Axioms—
has all the above versions of induction as corollaries:

Axiom 4.4 (The Well-Ordering Principle). Let N:= {1,2,3,4,...} denote the set of natural
numbers. If S is any nonempty subset of N, then S contains a minimal element. That is,
there exists an element ¢ € S such that for every s€ S, ¢ < s.

6
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Corollary 4.4(a) (Corollary to Well-Ordering Principle). Let X be a subset of the integers
that is bounded below. If S is a nonempty subset of X, then S contains a minimal element.

Another corollary of Axiom 4.4 is a proof method known as proof by descent, which
we shall use implicitly to prove Proposition 5.4 below.

5 Additional Proof Examples

In the next example, we shall require multiple base cases and strong induction:

Proposition 5.1. Let {F,} denote the sequence of Fibonacci numbers, defined recursively
by

F=1

F,=1

Fp=F,_1+Fy,_y, foralln=3.

Then for every positive integer n, we have Binet’s Formula:

n
1+ 1-v5
Fp=— v5)' V5 . (5.1)

\/_ 2 2

Since ¢ := ‘/5 means — (p = ‘/_, equivalently,
1 (pZn _ (_1)?1)
Fp=—|—"— (5.2)
" \/5( "
for every positive integer n.
1+\/_

Remark. The value ¢ =
of October 12, 2024.

is the golden ratio, the topic for the advanced group’s session

Proof. We prove Proposition 5.1 using both Theorems 4.1 and 4.2 with ko := 2. Let P(n)
be the statement in (5.2).
Base cases P(1) and P(2): We have that

L) Ly

1 ( +1)
=—|p+—

AN

1 1 51 -1 5
=—.v/5, since ¢ = +\/_,—= +V5
V5 2 o 2
=1
:FI)
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https://en.wikipedia.org/wiki/Golden_ratio
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so P(1) is true. Similarly,

_l(¢%4—nj: 1 ¢*—1
@? ¢?

V5 V5

1 [(@?>-1D(p?>+1)
V5l @?
1 (@p?+1)
NS
1
NG
1
NG

(p2+1)
@

v
(p [—
@

=1, as above
=b5.

Therefore, P(2) is also true, so both base cases hold.

), since > —1=¢

Inductive Step: Assume that n = 2 and both P(n —1) and P(n) are true. We wish to show

that P(n + 1) is true; that is if P(n — 1) and P(n) are true, then
2n+2 _ (_1)n+1

L (¢

Fni1= V5 (pn+1
First, note that
=g+l
which can be verified by inspection.

(5.3)

(5.4)

Now, by our inductive hypothesis, assume n =2, and P(n — 1) and P(n) are both true.

We therefore have

Fpi1=Fn+Fny

" V5

2n _ (_1\n 2n-2 _ (_1yn-1
% (1))+_L(¢ (=1 )

(pn+1 \/5

(p2n+l_(_1)n(p 1 (p2n_(_1)n—1(p2
+ (pn+1

(pn+1

(pn+1
(p2n((p+ 1) _ (_l)n—l -1
(pn+1
(pZn . (pZ _ (_1)n+1
(pn+1 ’

1
NG
1
V5
1
V5
1 (p2n+1+(p2n_(_1)n—1 [(pz_(p]
V5
1
V5
1
V5

(p2n+1 +(p21’l _ (—l)n(P— (_1)n—l(p2)

|
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by (5.4), and since n—1=n+1 (mod 2) means (- = (=1l

1 2n+2 _ (_1)n+1
so (5.2) holds for F, 41, too. The (strong) inductive step therefore holds, so we have proven
Proposition 5.1 by strong induction. O

Next, we consider a proof that uses the strong inductive step in a more essential way:

Proposition 5.2. Let n be a positive integer with n = 2. Then n is expressible as a prod-
uct of primes. (Explicitly, there exist finitely many primes pi, p2,..., Pm Such that n =

pip2- Pm-)

Proof. For all positive integers n with n = 2, let P(n) be the statement that 7 is expressible
as a product of primes.

Base Case: For n := 2, the result is immediate, since 2 is itself a prime. Therefore, the base
case holds.

Inductive Step: Assume that P(2), P(3),..., P(n) are all true, and we consider P(n + 1).

Case 1: If n+1is prime, then n + 1 is immediately expressible as a product of primes.

Case 2: If n+1 is not prime, then since n = 2, n+ 1 must be composite. (l.e., because
n = 2, we rule out the cases n+1 =0 and n+1 = 1. Since n+1 is not prime, it
must therefore be composite.) Therefore, there exist positive integers r, s such
that1 <r,s<n+1and n+1 = rs. By our strong inductive hypothesis, each of r
and s is expressible as a product of primes. Since n+1 =rs, n+ 1 is therefore a
product of products of primes, whence n + 1 is itself a product of primes.

Since Cases 1-2 are both true, the (strong) inductive step has been verified. Therefore,
by the principle of strong induction, Proposition 5.2 is true. O

Our next example is a proposition involving two different variables, n and k. First, we
recall the definition of factorial:

Notation. Let n be a nonnegative integer. Then n factorial, denoted n!, is defined by

1, ifn=0o0orn=1
n!= . (5.5)
1-2----. (n—-1)-n, otherwise.

Equivalently,’
n
nl:=[]}J.
j=1

IThe equivalence is immediate if 7 > 1. For n := 0, the product notation yields the empty product, which
is 1 by definition.
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Proposition 5.3. Let n and k be nonnegative integers. Define the binomial coefficient (’]Z),

read as “n choose k’, by
n!

(n) _ Ton—or if0<k=sn
el
0, otheruwise.

Prove that for all positive integers n and every integer k with 0 < k < n, we have

(%)

In particular, Proposition 5.3 implies (’,Z) is itself an integer for every positive integer

n and every nonnegative integer k with k < n.
Proof. First, let us fix a positive integer n. Let P(n) be the statement that

-1 -1
(Z) = (nk )—f- (Z_ 1), for every integer k with 0 < k < n,

Our strategy shall be to induct on n, letting k vary.
Base Case: To verify that P(1) is true, we must show

)
44

Since ((1)) = (}) = (8) =1and (_01) = ((1)) =0, the base case P(1) is true.

Inductive Step: For a positive integer n, assume that P(n) is true, so that (5.6) holds for
every integer k such that 0 < k < n. By the base case, we may assume n > 1.

Casel: k=0.
Then k—1= -1, so (,C"_Jrl) = 0. Further, ("Zl) = (";1) =1=1+0= )+ (%) as
desired.

Case2: k=n+1.
Then ("*]) = L. Further, (";") = (")) =1=0+1=(,") + (), as desired.

n+1
Case3: 1<k=<n.

In this case, (’IZ) and ( kfl) will both be defined and nonzero. Then

n+ n\|_ n! N n!
k| \k=1] kln-k! (k-D![n-k-1)!

10
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B (n—-k+1)-n! N k-n!
T kl-(n-k+1D)-(n—-k)! k-(k-D'(n-k+1)!
_(n—k+1)-n! k-n!

TRkt K-kt
B (n—-k+1)-n+k-n

k'(n—k+1)!
B (n—k+1)+k]-n!
T K(n+1) =k
B (n+1)-n!
T R(n+1) -k
B (n+1)!
T R(n+1) - k)
n n n+1
- + = ,
HEAAE oy

as desired.

Therefore, the inductive step also holds, so Proposition 5.3 is true by induction. [

Next, we revisit Proposition 3.1, this time proving it using the Well-Ordering Principle,
Axiom 4.4:

Proof of Proposition 3.1 by the Well-Ordering Principle. We use proof-by-contradiction and
the Well-Ordering Principle to prove 14+2+ -+ n= % for all positive integers 7.
Set

; (5.7)

nn+1)
S::{nel\lzl+2+---+n7£ }

that is, S is the set of positive integers for which the assertion in Proposition 3.1 is false.
Our goal is therefore to prove that S = &.

ASSUME instead that S # @. Then by well-ordering, there exists a minimal element
¢ € S. Thatis,

1+2+---+€¢€(£+D,

2
and (ka1
1+24---+k= (2+ )

for every positive integer k < ¢.

First, observe that by inspection, 1 = ,s0 1 ¢ S. That is, the equation is true for
k =1, it is not false for k = 1. Since S is the set of all k for which the equation is false, it
follows that 1 ¢ S.

Since ¢ is the minimal element of S, we must have ¢ > 1. It follows that £ —1 is a
positive integer. Since £ — 1 < ¢ and ¢ is the smallest elementin S, £ —1 ¢ S. (Otherwise,

10+1)
2

11
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we would have an even smaller element than ¢ lying in S.) Therefore,

1+2+--+( -1 = (4—21)5.

Adding ¢ to both sides of the previous equation, we obtain

1424+ —1)= (“0_21)(

= 1+24+--+({l-1)+{¢= (6_21)[+£

-1
:1+2+---+(€—1)+€:€(€T+1)

1

:1+2+---+(€—1)+€:£(%)

(0+1

= 14+2+---+(l-1+{= (2+)
= (¢S.

This is a contradiction, though: ¢ was defined to be the minimal element of S, but we
cannot simultaneously have £ € Sand ¢ ¢ S.

Our original assumption is therefore false, so S = &, as desired. Since the set of all
positive integers where the equation is fales is empty, 1 +2+---+n = w for every
positive integer n, completing the proof. O

Compare the above proof of Proposition 3.1 using Axiom 4.4 to the initial proof in
Section 3. In general, for an induction-like proof using well-ordering, you consider the
set S of all n for which the claim is false. The goal is to prove S = &. Employing a proof-by-
contradiction strategy, we assume instead that S # &, so by well-ordering, a nonempty S
has a minimal element ¢. Using techniques similar to a direct induction proof (or other-
wise), show that £ ¢ S or that ¢ is not the minimal element of S. Either would contradict
the definition of ¢, so our assumption S # & is false, completing the proof.

The following application of well-ordering shows how it can be even more versatile
than standard formulations of induction:

Proposition 5.4. The smallest positive integer is 1. That is, if n is a positive integer, then
1 < n. In particular, there is no positive integer n such that0 < n < 1.

Proof of Proposition 5.4. Let S := N, the set of all positive integers. In particular, S < N.
Clearly S # @ since, in particular, 1 € S. Since S is a nonempty subset of N, by Axiom 4.4
it therefore contains a minimal element ¢ € S. I claim that £ = 1
ASSUME OTHERWISE; that is, assume that ¢ < 1. Since ¢ > 0, we combine this as the
chain of inequalities
0<?<1.

12
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Then since ¢ is a positive integer, multiplying all sides of the previous by ¢ preserves the
inequalities, yielding
0< <.

This means that ¢2 is also a positive integer, but it is strictly smaller than ¢. That is a
contradiction, since ¢ is the smallest positive integer by definition. Our assumption is
therefore false, so ¢ = 1 as claimed.

Since 1 < ¢ from above, and since ¢ < n for every positive integer n by the minimality
of ¢, this implies 1 < n, completing the proof. O

Note that Proposition 5.4 is not a statement asking us to prove that P(n) is true for all
positive integers n. Axiom 4.4 is more flexible than mere induction, and we can use it to
prove, for example, that V2 is irrational.

6 Potential Pitfalls

For a proof by mathematical induction to be valid, it’s essential to establish both the base
case (or base cases) and the inductive step, as the following examples shall illustrate.

Very Important Note: Each of the numbered Claims in
Section 6 is false. These purported proofs are examples
of invalid applications of mathematical induction.

Claim 6.1 (FALSE). For every positive integer n, n> + n+ 1 is even.

“Proof” of Claim 6.1. Assume that n? + n+ 1 is even for some positive integer n. Then we
have

m+1D2+m+D+1=r’+2n+1+n+1+1
=P +n+1)+@2n+2)

= +n+1)+2(n+1).

By hypothesis, n? + n+1 is even, and clearly 2(n + 1) is likewise even. Therefore, we con-
clude that (n+1)? + n+ 1 is also even. O

This purported, incorrect “proot”, though, is unsound. To see why, note thatfor n:=1,
n2+n+1=1"+1+1=3, which is odd. The inductive step—establishing the truth of the
conditional statement that if n®> + n+1 even, (n+1)?> + (n+1) + 1 is also even—is therefore
valid. However, the base case is false, so we have not met all the criteria for a proof by
induction.

This is typical of faulty proofs by induction: the argument is incomplete by failing
to establish the base case. For a more subtle example of this mistake, we consider the
following:

13
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Claim 6.2. Let S;,So,...,S, be finite sets. Then each of these n sets has the same size;”
thatis, |S1| =S| =--- =|S,l.

“Proof” of Claim 6.2. We proceed by induction. For the base case n =1, we have a single
set S, and clearly Sy has the same size as itself. Therefore, the base case holds.

For the inductive step, assume that for any collection of 7 finite sets, they all have
the same size. Consider a collection of n + 1 finite sets S1,Ss,...,S;,, S;y+1. Note that the
collections

{81,82,...,Sn_1,8n} and {Sz,Sg,...,Sn,Sn+1}

are each collections of n finite sets. By our inductive hypothesis, then,
[S1]=1S2] =+ =1Sp-11 =Sxl and [S2l =1S3] =+ =Sul = Sp+1l.

Since |S2| is common to both collections, these respective common sizes must be equal.
Therefore, |S1] = |S2] = -+ =1S,] = 1S,+11, so the inductive step is true. By mathematical
induction, then, every set has the same size. O

As in the “proof” for Claim 6.1, we again have a problem with the base case. Before,
we had simply ignored establishing the base case altogether. The “proof” for Claim 6.2,
while it nominally considers the case n = 1, doesn’t establish its base case completely.

To see why, think about the case n := 2. We would then have partitioned the collection
{81, S,} into

{S1} and {So1,

and there is no common element in these two subcollections.

This issue is a common danger in induction proof, where we might consider an index
like n—1 or n—2. To proceed, we must first establish such indices are themselves positive
integers, though, or else manipulation of objects with those indices is invalid.

7 An Especially Bonkers Use of Mathematical Induction

Our final example is a proof of one of the classical inequalities, the Arithmetic Mean-Ge-
ometric Mean Inequality (‘“AM-GM”). We begin with some preliminary definitions:

Definition 7.1. Let a;,a,,..., a, be a collection of n numbers. Then the arithmetic mean

of a;,as,...,a,is
a+ay+---+ay

n

Definition 7.2. Let a,, ay,..., a, be a collection of n nonnegative numbers. Then the ge-
ometric meanof a1, ap, ..., a, is

1
(may---ap)n = Ja1az--- ay.

2This is often formulated in slightly different ways: every car has the same color, every person has the
same name, or some similar variant.

14
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Theorem 7.3 (Arithmetic Mean-Geometric Mean Inequality). Let n be a positive integer,
and ay, a, ..., a, be nonnegative real numbers. Then the geometric mean of{ay, ap, ..., an}
is no greater than the arithmetic mean of {a,, a, ..., a,}; that is,

1
n

a+ay+---+ay

(maz---ap)n < - (7.1

Further, equality in (7.1) holds if and only ifa; = ap = --- = a,.
We first need the special case of Theorem 7.3, with 7 := 2 as a preliminary step:
Lemma 7.4. Let x, y be nonnegative real numbers. Then
VT < % (7.2)
with equality if and only ifx = y.
Proof of Lemma 7.4 (Cauchy). Let x, y be nonnegative real numbers. Then
0= (Vx-yy)?,
with equality if and only if x = y. Therefore,
0<s(Vx—{P*=0<x-2xy+y
=2/Xy<x+y,

SO e %
with equality if and only if x = y, as claimed. O

Using Lemma 7.4, we can now proceed with a proof of Theorem 7.3. The following
proof of the general AM-GM Inequality, attributed to Cauchy, is an especially creative
application of mathematical induction.

Cauchy’s Induction Proof of the AM-GM Inequality. We prove the AM-GM Inequality by
induction.

Base Cases: Clearly Theorem 7.3 holds for n = 1 trivially, and the theorem holds for n =2
by Lemma 7.4. These provide our base cases for the proof.

“Forward” Inductive Step: 1 claim that for all positive integers k, if (7.1) holds for all se-
2k+1.

quences of length n := 2%, then (7.1) also holds for all sequences of length 7 :=

Let k be a positive integer, and let a;, ay,-- -, a,k+1 be a set of nonnegative real num-
a)t+ay

bers. Consider the related sequence by, b, ..., by« of length 2k defined by by := =52,
a2k+1_1+a2k+1

. Btas —
b, := =5, and so on up to by := 5

5 ; in general,

Arj—1+aj
b]'Z:—] > ].

15
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Since by, by, ..., by« is a sequence of length 2k by hypothesis the AM-GM Inequality holds,

with equality if and only if b; = by = --- = b,«. Therefore,
1 by+by+--+ by
T 2
(blbz'“lbk)z < ok
1 a+ay as+ay Ayk+1_q T 0yk+1
[a1+ag as+ay a2k+11+a2k+1 L (B + (55 + "‘( 2
=|(57) 577 ) )" =
2 2 2k
1
al + dg 6l3 + a4 a2k+l 1 + azk+1 _k < al + dz + 4 a2k+1_1 + a2k+1
> .o
(=) E27) )" = S
1 a1+az+"‘+a2k+l_l+azk+l
Jaia, -/ aaa- - [Aorel Goiel) 28
- ( a)ay asay Aok+1_ 1d2k+1) < k1 ,
by Lemma 7.4, whence
1 ayt+ay+---+ ayk+1 +ak+1
= (al axasay -+ a2k+1_1a2k+1)2"“ < 21 72

2k+1

This establishes the inequality (7.1) holds for ai, ay,..., a,x1. Further, equality holds if
and only if by = by = --- = byx and a) = ap, az = ay, etc., and a,c+1_; = a,c+1. Together,
this implies equality holds if and only if a; = ay = - -+ = a,«+1. Therefore, as claimed, the
“forward” induction step holds.
“Backward” Inductive Step: 1 claim that if n = 2 is a positive integer, and if (7.1) holds for
all sequences of length n, then (7.1) also holds for all sequences of length n —1.

Let n be any positive integer with n = 2, and let a;, ay, ..., a,-1 be nonnegative real
numbers. We build the associated sequence by, by, ..., b,—1, b, of length n by

b1 :=m

bg =a

bp-1:=an—
art+ay+---+an-—1
b, =

n-1
In particular, b, has been selected in this way so that

a+a+---+ay_1 bi+by+---+b,_1+b,

H 7.3
n-—1 n (7.3)

that is, the arithmetic mean of a;, ay, ..., a,—; equals the arithmetic mean of by, b, ..., b;,.
In particular, if each b; = 0, then a; = 0, as required, too.

Since by, by, ..., b, is a sequence of length n, by our inductive hypothesis, the AM-GM
Inequality holds for by, ..., b,, with equality if and only if by = b, = ---b,,. Therefore, we
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have

b1+b2+"'+bn_1+bn
n
1
a1+a2+---+an_1)]z - ay+ay+---+adn—1

S|

(b1b2---by_1by)

=

- alag---an_l-( — , by (7.3)

(6ll+6l2+'-'+6ln_1)”

n-1
6l1+612+'--+6ln_1)<

zalazn-.an_l.( n_l
a1+ag+---+an_1)”—1

n-—1

:aldg"'dn_ls(
n-1
ayt+ay+---+an—1

IA

1
= (a1a2-+-ap-1)n1

n—1 ’
Therefore, if the AM-GM Inequality holds for sequences of length n, it also holds for se-
quences of length n — 1 as well.
Summary: First, we proved that (7.1) holds for all collections of nonnegative real numbers
where n =1 or 2. Next, we proved that (7.1) holds for arbitrarily large positive integers n,
namely those of the form n = 2%, where k is a positive integer. Finally, we proved that if
n > 1 and (7.1) holds for #, then it also holds for n — 1. In each case, we also showed that
equality obtains if and only if all elements are equal.

For any positive integer n, then, choose a positive integer k such that n < 2k 1f n =2k,
then our “forward induction” establishes the AM-GM Inequality for n. Otherwise, we can
use the “backward induction” to show that AM-GM holds for 2K —1, 2¥—2, and so on until
after sufficiently many decrements, we show that AM-GM holds for n itself. Therefore, by
this circuitous variant of induction, we have shown that the AM-GM Inequality holds for
every positive integer n. O

Whew!

8 Closing Remarks

Mathematical induction, as well as its siblings, are powerful tools to prove certain kinds
of statements. That said, it is worth noting some limitations of mathematical induction,
too.

8.1 Mathematical induction helps us prove certain assertions, but it give no insight how
to derive them.

For example, using induction, we can prove Binet’s Formula, Proposition 5.1, is a
closed-form expression for the Fibonacci numbers. By itself, though, induction
gives us no way to discover that formula in the first place.

8.2 Induction can be powerful where it applies, but its range of applicability may be
narrow.
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The types of assertions eligible to be proven via induction are those of the form
“prove that for all positive integers n, P(n) is true”. For statements of this form,
induction can be effective. But for nearly any other type of statement, induction
can't apply. (That said, Axiom 4.4 is more flexible than induction alone, and it can
be applied to an even wider class of mathematical propositions.)

8.3 Induction is a valid method of proof, but how to use induction may not be obvious.

In particular, the AM-GM Inequality proof shows how we may need to modify the
structure of induction itself before arriving at a valid proof.

None of these observations, though, are dismissals of induction. As you'll discover
with further experience, induction is a powerful, versatile proof strategy, often indispens-
able for many types of exercises you'll be asked to prove.
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