Chapel Hill Math Circle

Session 4 — November 4, 2023: Diagonals, and Pascal’s Triangle
Beginners’ Group (grades 1-3), 10:30-11:30a

Mr. Barman — dilip@trianglemathinstitute.com

Supplies needed: rulers, spaghetti, paper, colored pencils, optional rope

Chapel Hill Math Circle

Welcome to Chapel Hill Math Circle! We're glad that you are here to have some fun!
We’'ve been talking about shapes and started discussing diagonals. Let’s pick up with
diagonals and then talk about a special triangle called Pascal’s Triangle.

Diagonals

We decided that a diagonal is a straight line segment between two “vertices” or corners
of a polygon that aren’t directly connected. We were starting to count diagonals.

What we learned about diagonals

e Atriangle has no diagonals; do you remember why? Let’s call a triangle a 3-gon.

o A 4-gon (quadrilateral) has 2 diagonals; do you remember why?

o We decided that all polygons with the same number of sides have the same
number of diagonals — all 3-gons have 0 diagonals, and all 4-gons have 2
diagonals. Why?

o We were trying to find a pattern about how many diagonals a shape with a
certain number of sides (an “n-gon”) has.

Take a few minutes and play with the polygons above and your own polygons to see if
you can figure out how many diagonals polygons have. | have more polygons on the
next page and have lighty included the number of sides for each.

Let’s make a table

Play with the polygons here and/or draw your own. It’s easier if you stick with convex
polygons. Count the number of diagonals different polygons have and see if you can find
a pattern. Can you predict how many diagonals an n-sided polygon would have when n
can be any positive integer?
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Let’s look for a Pattern

I’'m going to play with a pentagon and look at a few
ways to count diagonals. Why don’t you play first
before looking on the next page?

Look for patterns in the pictures that you draw. A
3" grader last time found a really interesting
pattern by looking carefully at how each number
differed from the others.

Play for a few minutes before we move on to the
next page. Enjoy!



Here’s how | am going to play with a pentagon

I’'m going to try to count the diagonals but will do it in an orderly way.

¢ | have an idea — let me label each vertex with a letter.

Z
¢ I'll then go in order and count the number of diagonals |
can have. \

ol et’s start with A. It can’t go to itself or its neighbors /
but can go to C and D.

e How about B? It can’t go to A or C but can go to D and E. We also have a
shortcut — we don’t have to consider vertices we’ve already visited because
we’ve already thought about those connections.

e Now we’re at C. Ignoring itself and earlier vertices, we consider D (no —
neighbor), E (yup), ... and that’s it.

e At D we look at ... nothing! That's the same for E.

So in our pentagon we have 2 + 2 + 1 + 0 + 0 = 5 diagonals.
Here’s another way to count them:

e Start with A: AC, AD (2)

o Start with B: / don’t have to look backward as I've counted from A already and
don’t want to double count, so I start with D (C is my neighbor so there’s no
diagonal) BD, BE (2)

e Start with C: CE (1)

e We're done — there can be no diagonals from D (since the first possibility is A,
but we’ve already considered A) and definitely not from E (0) (0)

But this is difficult to generalize — or is it? Can you think of any other way to count that
you can generalize? Hint: ignore double counting and then take half of what you get.

Your notes on counting diagonals



What you have learned about diagonals
We are going to move on shortly to a new topic, Pascal’s

Triangle. But before we do take a few minutes to summarize
what you have learned and what you have explored.

e What is a diagonal of a polygon?

e Why does a triangle have no diagonals?

¢ What patterns have | found in diagonals — can |
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Pascal’s Triangle

Write down the number 1 near the horizontal center of a piece of paper. On a line below
it (the next row), start the row with a 1 and end it with a 1 on either side of the top 1. For
the following row, start and end with a 1 but then for the middle value add the two
numbers. Keep going; start and end each row with a 1 and find out the other values by
adding. You should end up with a triangle that looks like the following after 4 rows:

Blaise Pascal

This triangle was popularized in 1653 by Blaise Pascal, a
remarkable mathematician and philosopher who was brilliant at
math as a child. He created one of the first calculators and helped
to create important areas of math, economics, and social science.
He didn’t invent it; it was well known starting over 1000 years
earlier in India, Greece, China, and Persia. He knew this and
didn’t take credit but another mathematician, Raymond de
Montmort, named it after Pascal in 1708.

! The picture here is from an engraving of Pascal by Henry Hoppner Meyer almost 200 years ago in 1833; |
got it from britannica.com/biography/Blaise-Pascal, accessed Jan. 9, 2023.



in Pascal’s Triangle?

What patterns do you see




Keep on playing at home!
Here are some activities that | encourage you to do over the next two weeks.

See if you have figured out the pattern for counting diagonals. Predict and then test if
you’re right for a 7-gon and 8-gon.

Make a nice and neat Pascal’s Triangle of at least 10 rows. See if your family can
make a few copies. Keep one copy to save and then....

See if you notice more patterns. Bring in your Triangle and a list of patterns to discuss.

On one copy color all the even numbers one color and the odd numbers another.
See what you get. (This will be even more cool if you go with 12-15 or more rows. It's a
lot of addition but fun practice!)

Do the same thing (the more rows the better) but color all 3s, 6s, 9s, etc. one color. Then
pick a second color and color all 1s, 4s, 7s, etc. (again skip counting by 3) that color.
Finally, pick a third color and color all 2s, 5s, 8s, etc. that third color. Are you convinced
that this will cover every counting number 1, 2, 3, ... that you might get in Pascal’s
Triangle? What do you get?

If you have more time and want to keep playing, do the same thing but skip count by 4.
In other words, color with one color 1, 1+4=5, 5+4=9, 9+4=13, ...; with another color 2,

2+4=6, ..... if you want you can continue. Wherever you stop, predict what will happen if
you continue. I've included a 20-row Pascal’s Triangle? on the last page for you to use if
you wish.

| hope you had fun! See you next time! l
pey y Haowe ;d” :

P.S. Let your parents know that | host the country’s
largest vegetarian (all vegan) Thanksgiving! We
, used to sell out within minutes but now we open for
N E W 3 lottery-style reservation requests. That opens as our
\ class ends at 11:30a and runs through 11:30a on

C L A S SQ \ Monday — they can visit trianglevegsociety.org.
[ ]

Also, please let them that Mathematics Institute of
the Triangle is opening a new 3™ grade class; they
can find out about our classes including 1t-3™
grade, middle school, prealgebra, algebra,
geometry, and tutoring, at
triangelmathinstitute.com.

We're opening a 3rd
grade class on Mondays!

2 from tex.stackexchange.com/questions/198887/how-can-i-draw-pascals-triangle-with-some-its-
properties, accessed Nov. 4, 2023
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