Euclid’s Game, Part 2

October 21, 2023

1 Euclid’s Game - Avoid 0 Version

Last time, we played a version of Euclid’s game where the goal was to reach the number 0. Today, we're going to
play a version where the goal is to AVOID reaching the number 0. !

3.

Start with two numbers, e.g. 10 and 3.

A move consists of taking away a positive multiple of the smaller number from larger number, so that the
result is still positive.

So from (10, 3),

— We can move to (7,3) by taking away 1 x 3 from 10.
— Or we can move to (4, 3) by taking away 2 x 3 from 10
— Or we can move to (1,3) by taking away 3 x 3 from 10

The player who cannot move without reaching 0 or a negative number loses. The last player to move wins.
Here is a sample game: (10,3) — (7,3) — (4,3) — (1,3) — (1,1)

For the game that starts with (10, 3) and goes (10,3) — (7,3) — (4,3) — (1,3) — (1,1) and then the game
is over because the next move would have to hit 0.

(a) How many moves were there in this game?
(b) Did the first player win or the second player win?

(c) Could the other player have won, from the same starting position of (10, 3) if they made better moves?

Which player would you want to be, for the starting position (10,3), if you can make any moves you like
that follow the rules?

How could you play this game with a token on a grid like this one?

!This week’s version of Euclid’s game is thanks to Brittany Ohlinger.
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10.

11.

2 Who Wins?

Try playing from the following starting positions. Does the first player or the second player have the
advantage?

. Play some more games with other starting positions.

3 Winning and losing positions

. For which starting positions does Player 1 have a winning strategy — that is, Player 1 CAN win if they play

[43

the best moves, no matter what Player 2 does? We call these “winning positions”.

For which starting positions will Player 1 definitely lose if Player 2 plays their best moves possible? We call
these “losing positions”.

. Color winning positions green and losing positions red on the grid.

. What patterns do you notice as far as which squares are green and which are red?

How can you use the chart to find the winning moves and win every game as long as you have a good starting
position?

What are the slopes of the boundary lines?
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12.

13.

14.

15.

16.

4 Fraction Tree

1
Start with 1 in the top box. Then build going down.
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How is each fraction related to its “parent fraction” above it?

Fill in the rest of the fraction tree.

We can represent the winning squares and losing squares for Euclid’s game on the fraction tree. For example,

3 2
position (3,2) is the fraction 2 and position (2, 3) is the fraction 3
Are there any positions for Euclid’s game that don’t appear on the fraction tree? Why?
Color the winning squares red and the losing squares green on the fraction tree.

What patterns do you notice? Can you explain why they happen?
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17.

18.

19.
20.
21.
22.

23.

5 Euclid’s Game - Catch 1 Version

In this version of Euclid’s Game, everything is the same except that a player wins by getting one of the
numbers to be the number 1, instead of getting to the number 0 (the catch 0 version), or avoiding the number
0 (the avoid 0 version).

For example, starting at (15,4), a game might go like this:
(15,4) — (7,4) — (3,4) — (3,1) and then the game is over.

Play a few games for the Catch 1 version.

(a) Which starting positions are winning positions for the first player? That is, the first player can win if
they make the best choices, no matter what the second player does? These are the ”winning square”.

(b) Which starting positions are losing positions for the first player? That is, the first player will lose
no matter what they do, if the second player makes the best choices possible. These are the ”losing
squares”.

Color the winning squares green and the losing squares red.

Are there any squares that are neither winning squares nor losing squares? Which ones?

Why does the Catch 0 game always have a winner or loser, but the Catch 1 game does not?
Color the winning squares for the Catch 1 game on the fraction tree. Do you notice any patterns?

What other versions of Euclid’s game could we play?
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6 The Golden Ratio

The slope is the golden ratio, a famous number in math.

Here are a few of the many places that the golden ratio comes up:

Fibonacci sequence

This list of numbers is called the Fibonacci sequence:

1,1,2,3,5,8--
To get the next number, add the two previous numbers together.

24. Write down the next 5 numbers in the sequence.

25. Use a calculator to divide each number in your sequence by the previous number and record the answer.

GO0 WU W DN ==

(f) keep going ....

26. What do you notice about these ratios? What number do they get close to?
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Pentagram

27. Measure the colored line segments carefully.

28. Divide the length of each colored line segment by the length of the previous one. What number are these
ratios close to?

Golden Rectangle

This large rectangle is called a Golden Rectangle. If we draw a square inside the rectangle, the leftover
rectangle, turned sideways, has the same shape, that is, the same proportion between its length and width.

Chapel Hill Math Circle - Elementary Group 6 October 21, 2023
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Y
a+b

If we keep drawing squares, we get the Golden Spiral.

N

29. Measure the long side and the short side of the Golden Rectangle and divide the bigger side length by the
smaller one. What number do you get?

Chapel Hill Math Circle - Elementary Group 7 October 21, 2023



October 21, 2023

Euclid’s Game

=

=N

o[
1w

wN

Wl
Njw
SIS
wlot
IN[Vv]
=

=
SIS
olw
ot
=~
[SIEN]
ool
wloo
e
INEN]
[SIES
ot

tl=
N[
Sk
W[~
oolwo
wiloo
~o
N~
01‘5
o[
Ele
oa‘:
Sl
s
Sl
N
Ol
o
ol
=)

&ler

—
o
[XeJEN|
Nl
ol
o
Gl

-
=)
|eo

—
-
|oo
cn‘a
Gler
~|
©
=
'y
[
=
=
~|o
=1~

101771811154 [13
1811154139145

H
|
—
w

~|

sk
w
—

218191114313
1114313100177

o
©lu;
e}
—
—

16 7 (19121751813
I[Y2[11Y9 1671912175 (11321 8 [L9|

D=

8R113[18 51712
185171219 716

TATLOL3 3 [1411]19
13 3 (1411198 2113

5[149[13(4[1511]1§
134151118 7 [17[L0|

~|=
|~
=
—
ot
=
B
©

October 21, 2023

Chapel Hill Math Circle - Elementary Group



Euclid’s Game October 21, 2023

%O
G
¢
(1
(L
WS

S S M -

Vo2 3494 € b KA W0 \3 Mt Y 1§20

Chapel Hill Math Circle - Elementary Group 9 October 21, 2023



October 21, 2023

Euclid’s Game
1
1
1 2
2 1
1 3 2 3
3 2 3 1
1 4 3 5 2 5 3 4
1 3 5 2 5 3 1 1
1 5 4 T 3 8 5 T 2 T 5 8 3 T 4 5
5 4 7 3 8 5 7 2 7 5 8 3 7 4 ) 1
165 |9o]|aflu|z|wo|s|m|s|w|s|2|z|o|2|e|r|12|s|13|8|u|ls|wolz|11|a|lo]|s]s
6 5 9 4 |11 7 10| 3 11 8 13| 5 12| 7 9 2 9 7T 112 | 5 13| 8 11 3 10| 7 11| 4 9 5 6 1
1(7|6[11)5[14{913[415(1118 7171013 3141119 8R1I3NY51 71219 7169112111916/ 71912175 [181321(S 111143131017 71811154 1391451167
TI6111514913 4151118 71710L3 31411198 RILII5 (L7121 716|911 211916 7[1YL2AL7) 5 181321 8 (191 1{14 3131017 7181115413914 5[11{6|7|1

October 21, 2023

Chapel Hill Math Circle - Elementary Group 10



October 21, 2023

October 21, 2023

11

2349 € L1 K AW BT 1Y 1§20

Euclid’s Game

Nols|s ?nnm.ﬁ < :
S|yf=2] e wVWL»WA ww I
\ AASERSEE =l <o
EERNNAREAGEERERES
WESERAIRAREAEEaRNESE
NS ARESBERARROERSSS
Awmmwimm SSREERENE
MM NNRSESHERNEEAEERAS
3 %M..W”FWA.” slekelE
l<le TR RSN =SS E]s sz sl
SERASE SEEERELESEEE
NERSARLENAESOSASEEARS
MA HEENSERSI I RNEENANE
NSRS NERRNRSERGEHARESS
SRR RIER =Sk [E[Els MWM
L REElcRIES m_m_ﬁ.m.mm slE
SEERSEARESLES NEEIEES
HEERESRERSENN s EIE[E
EEEEsR S SASOE
=2 EREEEHES
VEZ T 22 Z LT 22 R TS vy on =

\

Chapel Hill Math Circle - Elementary Group



