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Abstract

This supplementary document provides an introduction to the proof technique known
as mathematical induction. In addition to an explanation of the principle itself, we in-
clude several proofs illustrating the technique. Examples will include both traditional
and strong (or complete) mathematical induction.

1 Preliminaries

Let {P (n)} be a collection of statements associated with every positive integer n. These state-
ments should, in principle, be either true or false.

Example 1.1. For all positive integers n, let P (n) denote the statement

3n +1 is even.

Then P (1) is true, since 3 ·1+1 = 4 is even. Conversely, P (2) is false, since 3 ·2+1 = 7 is odd.
In general, one can show that for positive integers n, P (n) is true—that is, 3n+1 is even—

if and only if n is odd.

Example 1.2. For all positive integers n, let P (n) be the statement

19n +4n+1 is divisible by 5.

For P (1), we have 191 +41+1 = 19+16 = 35, which is divisible by 5. Therefore, P (1) is true.
Similarly, 192 +42+1 = 361+64 = 425, also divisible by 5, so P (2) is true.

Later, we shall show that P (n) is true for all positive integers n. (Those of you familiar
with modular arithmetic may already see how to prove this directly.)

Example 1.3.
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For all positive integers n, let P (n) be the statement

22n +1 is prime.

Since 221+1 = 22+1 = 5 is prime, P (1) is true. Similarly, 222+1 = 17 is prime, 223+1 = 257, and

224+1 = 65,537 is prime. Therefore, P (2), P (3), and P (4) are all true. Next, 225+1 = 6,700,417.

One can show, however, that 641 | 6,700,471. Therefore, 225 +1 is not prime, so P (5) is false.

Note: The numbers 22n +1 are called Fermat numbers. Fermat conjectured that all Fer-
mat numbers are prime, but Euler discovered the above nontrivial divisor of 225 +1. Since
then, no larger Fermat number has been shown to be prime. There are open conjectures
whether all larger Fermat numbers are composite, finitely many are prime, or finitely many
are composite.

2 Mathematical Induction

A typical problem in mathematics is to show that for a given statement P , we want to prove
that P (n) is true for every positive integer n. In the next section, we introduce a general
technique to prove such statements.

Theorem 2.1 (Mathematical Induction). Let {P (n)} be a collection of statements for every
positive integer n. Then P (n) is true for every positive integer n if and only if

(a) P (1) is true, and

(b) for every positive integer, if P (n) is true, then P (n +1) is true.

The condition in Theorem 2.1(a) is called the base case, and the condition in Theo-
rem 2.1(b) is the inductive step. Note, in particular, that the inductive step is a conditional
statement where the goal is to show that if P (n) is true, then as a consequence it follows that
P (n+1) is also true. In trying to verify the inductive step holds, then, we assume P (n) is true
by hypothesis, and we attempt to deduce the truth of P (n +1) as a corollary of P (n) being
true.

Theorem 2.1 is sometimes described as weak induction to distinguish it from strong in-
duction as described in Section 4. Here, we shall characterize mathematical induction as a
theorem, though it can alternately be taken as an axiom for the positive integers.

A common way to explain the intuition behind induction is to imagine each of the state-
ments P (1), P (2), P (3), . . . are all arranged as an infinite sequence dominoes, and the goal
is to establish that every domino falls over. In this analogy, the base case tells us the first
domino falls over. The inductive step tells us that if a given domino falls over, then its suc-
cessor domino likewise topples. Since P (1) is true by the base case, P (1+1) = P (2) is true by
the inductive step. Similarly, since P (2) was just established to be true, P (2+1) = P (3) must
be true by the inductive step. Continuing in this way, we see that P (4), P (5), P (6), and so on
must all be true.
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3 Proof Examples Using Mathematical Induction

The best way to understand how mathematical induction works is from examples—and
your own practice.

Proposition 3.1. Let n be a positive integer. Then

1+2+·· ·+ (n −1)+n = n(n +1)

2
. (1)

Proof of Proposition 3.1 by mathematical induction. Let P (n) be the statement in (1). We
prove that P (n) is true for all positive integers n by mathematical induction.
Base Case: We have

1 = 1(1+1)

2
by inspection, so P (1) is true.
Inductive Step: Assume that P (n) is true; that is, by hypothesis,

1+2+·· ·+ (n −1)+n = n(n +1)

2
. (2)

Our goal is to show that P (n +1) is true; that is,

1+2+·· ·+ (n −1)+n + (n +1) = (n +1)[(n +1)+1]

2
. (3)

Adding n +1 to both sides of (2), we have

1+2+·· ·+ (n −1)+n = n(n +1)

2

=⇒ 1+2+·· ·+ (n −1)+n + (n +1) = n(n +1)

2
+ (n +1)

=⇒ 1+2+·· ·+ (n −1)+n + (n +1) = (n +1)
(n

2
+1

)
, since n +1 is a common factor

=⇒ 1+2+·· ·+ (n −1)+n + (n +1) = (n +1)

(
n +2

2

)
=⇒ 1+2+·· ·+ (n −1)+n + (n +1) = (n +1)(n +2)

2

=⇒ 1+2+·· ·+ (n −1)+n + (n +1) = (n +1)[(n +1)+1]

2
,

and this final statement is precisely P (n +1) from (3).
Since both the base case and inductive step are true, by mathematical induction, we

conclude that P (n) is true for every positive integer, completing the proof.

Proposition 3.2. For every positive integer n, 19n +4n+1 is divisible by 5.
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(Compare to Example 1.2.)

Proof of Proposition 3.2 by mathematical induction. Let P (n) be the statement

19n +4n+1 is divisible by 5;

equivalently, there exists some integer k (depending on n) such that

19n +4n+1 = 5k.

We prove that P (n) is true for all positive integers n by mathematical induction.
Base Case: For P (1), we have

191 +41+1 = 19+42

= 19+16

= 35,

which is divisible by 5. Therefore, P (1) is true.
Inductive Step: Assume that P (n) is true; that is, by hypothesis, 19n +4n+1 is divisible by 5.
Concretely, let k be the integer such that

19n +4n+1 = 5k.

To show that P (n +1) is also true, we must show that 19n+1 +4n+2 is also divisible by 5.
We have

19n+1 +4n+2 = 19 ·19n +4 ·4n+1

= 19
[
(19n +4n+1)−4n+1]+4 ·4n+1

= 19(19n +4n+1)−19 ·4n+1 +4 ·4n+1

= 19(19n +4n+1 + (−19+4)4n+1

= 19(19n +4n+1)−15 ·4n+1

= 19 ·5k −5(3 ·4n+1)

= 5
(
19k −3 ·4n+1) .

Since 19k−3·4n+1 is an integer, this entire expression is therefore a multiple of 5. Therefore,
if P (n) is true, so is P (n +1).

Because both the base case and inductive steps are true, by mathematical induction it
follows that P (n) is true for every positive integer n, as desired.

Proposition 3.3. For every positive integer n, 2n < 3n .
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Proof of Proposition 3.3 by mathematical induction. Let P (n) be the statement 2n < 3n .
Base Case: For P (1), we have

2 ·1 = 2 < 3 = 31,

so 2 ·1 < 31, and the base case P (1) is therefore true.
Inductive Step: Assume that P (n) is true for some positive integer n; that is, assume that
3n > 2n for some positive integer n. We wish to prove P (n +1) is true; that is, that 3n+1 >
2(n +1) follows as a consequence of P (n).

As a preliminary matter, note that for any positive integer n,

n +1

n
= 1+ 1

n

≤ 1+ 1

1
, since n ∈N

= 1+1

= 2

< 3,

so

n +1

n
< 3. (4)

for every positive integer n.
Now, from the hypothesis that P (n) is true, we have

2n < 3n =⇒ 2n · n +1

n
< 3n ·3, multiplying by (4)

=⇒ 2(n +1) < 3n+1,

so P (n +1) is true as well.
Since both the base case and inductive steps hold, the proposition is true by mathemat-

ical induction.

4 Variants of Mathematical Induction

Theorem 2.1 is the most familiar version of mathematical induction. Alternatives to weak
induction are often more versatile and powerful than this elementary version:

Theorem 4.1 (Strong Mathematical Induction). Let {P (n)} be a collection of statements for
every positive integer n. Then P (n) is true for every positive integer n if and only if

(a) P (1) is true, and

(b) for every positive integer, if P (k) is true for every positive integer k ≤ n, then P (n +1) is
true.

5



Chapel Hill Math Circle Supplement: Mathematical Induction October 30, 2021

Theorem 4.2 (Mathematical Induction, Multiple Base Cases). Assume k0 is a positive integer,
and let {P (n)} be a collection of statements for every positive integer n. Then P (n) is true for
every positive integer n if and only if

(a) P (1), . . . ,P (k0) are each true, and

(b) for every integer n ≥ k0, if P (n) is true, then P (n +1) is true.

Theorem 4.3 (Mathematical Induction, Alternate Base Cases). Let k0 be an integer, and let
{P (n)} be a collection of statements for every integer n ≥ k0. Then P (n) is true for every integer
n ≥ k0 if and only if

(a) P (k0) is true, and

(b) for every integer n ≥ k0, if P (n) is true, then P (n +1) is true.

The following powerful principle—alternately taken as an axiom for the integers or a
consequence of other axiomatic descriptions of the integers such as the Peano Axioms—
has all the above versions of induction as corollaries:

Axiom 4.4 (The Well-Ordering Principle). Let N := {1,2,3,4, . . . } denote the set of natural
numbers. If S is any nonempty subset of N, then S contains a minimal element. That is,
there exists an element ℓ ∈ S such that for every s ∈ S, ℓ≤ s.

Corollary 4.4(a) (Corollary to Well-Ordering Principle). Let X be a subset of the integers that
is bounded below. If S is a nonempty subset of X , then S contains a minimal element.

Another corollary of Axiom 4.4 is a proof method known as proof by descent, which we
shall use implicitly to prove Proposition 5.4 below.

5 Additional Proof Examples

In the next example, we shall require multiple base cases and strong induction:

Proposition 5.1. Let {Fn} denote the sequence of Fibonacci numbers, defined recursively by

F1 = 1

F2 = 1

Fn = Fn−1 +Fn−2, for all n ≥ 3.

Then for every positive integer n, we have Binet’s Formula:

Fn = 1p
5

[(
1+p

5

2

)n

−
(

1−p
5

2

)n]
. (5)
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Since ϕ := 1+p5
2 means − 1

ϕ = 1−p5
2 , then equivalently,

Fn = 1p
5

(
ϕ2n − (−1)n

ϕn

)
(6)

for every positive integer n.

Proof. We prove Proposition 5.1 using both Theorems 4.1 and 4.2 with k0 := 2. Let P (n) be
the statement in (6).
Base cases P (1) and P (2): We have that

1p
5

(
ϕ2 − (−1)1

ϕ1

)
= 1p

5

(
ϕ2 +1

ϕ

)
= 1p

5

(
ϕ+ 1

ϕ

)
= 1p

5
·p5, since ϕ= 1+p

5

2
,

1

ϕ
= −1+p

5

2

= 1

= F1,

so P (1) is true. Similarly,

1p
5

(
ϕ4 − (−1)2

ϕ2

)
= 1p

5

(
ϕ4 −1

ϕ2

)
= 1p

5

[
(ϕ2 −1)(ϕ2 +1)

ϕ2

]
= 1p

5

(
ϕ(ϕ2 +1)

ϕ2

)
, since ϕ2 −1 =ϕ

= 1p
5

(
ϕ2 +1

ϕ

)
= 1p

5

(
ϕ+ 1

ϕ

)
= 1, as above

= F2.

Therefore, P (2) is also true, so both base cases hold.
Inductive step: Assume that n ≥ 2 and both P (n−1) and P (n) are true. We wish to show that
P (n +1) is true; that is if P (n −1) and P (n) are true, then

Fn+1 = 1p
5

(
ϕ2n+2 − (−1)n+1

ϕn+1

)
. (7)
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First, note that
ϕ2 =ϕ+1, (8)

which can be verified by inspection.
Now, by our inductive hypothesis, assume n ≥ 2, and P (n−1) and P (n) are both true. We

therefore have

Fn+1 = Fn +Fn−1

= 1p
5

(
ϕ2n − (−1)n

ϕn

)
+ 1p

5

(
ϕ2n−2 − (−1)n−1

ϕn−1

)
= 1p

5

(
ϕ2n+1 − (−1)nϕ

ϕn+1

)
+ 1p

5

(
ϕ2n − (−1)n−1ϕ2

ϕn+1

)
= 1p

5

(
ϕ2n+1 +ϕ2n − (−1)nϕ− (−1)n−1ϕ2

ϕn+1

)
= 1p

5

(
ϕ2n+1 +ϕ2n − (−1)n−1

[
ϕ2 −ϕ]

ϕn+1

)

= 1p
5

(
ϕ2n(ϕ+1)− (−1)n−1 ·1

ϕn+1

)
= 1p

5

(
ϕ2n ·ϕ2 − (−1)n+1

ϕn+1

)
,

by (8), and since n −1 ≡ n +1 (mod 2) means (−1)n−1 = (−1)n+1

=⇒ Fn+1 = 1p
5

(
ϕ2n+2 − (−1)n+1

ϕn+1

)
,

so (6) holds for Fn+1, too. The (strong) inductive step therefore holds, so we have proven
Proposition 5.1 by strong induction.

Next, we consider a proof that uses the strong inductive step in a more essential way:

Proposition 5.2. Let n be a positive integer with n ≥ 2. Then n is expressible as a product of
primes. (Explicitly, there exist finitely many primes p1, p2, . . . , pm such that n = p1p2 · · ·pm .)

Proof. For all positive integers n with n ≥ 2, let P (n) be the statement that n is expressible
as a product of primes.
Base case: For n := 2, the result is immediate, since 2 is itself a prime. Therefore, the base
case holds.
Inductive step: Assume that P (2),P (3), . . . ,P (n) are all true, and we consider P (n +1).

Case 1: If n +1 is prime, then n +1 is immediately expressible as a product of primes.
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Case 2: If n +1 is not prime, then since n ≥ 2, n +1 must be composite. (I.e., because n ≥ 2,
we rule out the cases n+1 = 0 and n+1 = 1.) Therefore, there exist positive integers
r, s such that 1 < r, s < n+1 and n+1 = r s. By our strong inductive hypothesis, each
of r and s is expressible as a product of primes. Since n +1 = r s, n +1 is therefore a
product of products of primes, whence n +1 is itself a product of primes.

Since Cases 1–2 are both true, the (strong) inductive step has been verified. Therefore,
by the principle of strong induction, Proposition 5.2 is true.

Our next example is a proposition involving two different variables, n and k. First, we
recall the definition of factorial:

Notation. Let n be a nonnegative integer. Then n factorial, denoted n!, is defined by

n! =
{

1, if n = 0 or n = 1

1 ·2 · · · · · (n −1) ·n, otherwise.
(9)

Equivalently,1

n! :=
n∏

j=1
j .

Proposition 5.3. Let n and k be nonnegative integers. Define the binomial coefficient
(n

k

)
,

read as “n choose k”, by (
n

k

)
:=


n!

k !(n −k)!
, if 0 ≤ k ≤ n

0, otherwise.

Prove that for all positive integers n and every integer k with 0 ≤ k ≤ n, we have(
n

k

)
=

(
n −1

k −1

)
+

(
n −1

k

)
. (10)

In particular, Proposition 5.3 implies
(n

k

)
is itself an integer for every positive integer n

and every nonnegative integer k with k ≤ n.

Proof. First, let us fix a positive integer n. Let P (n) be the statement that(
n

k

)
=

(
n −1

k

)
+

(
n −1

k −1

)
, for every integer k with 0 ≤ k ≤ n,

Our strategy shall be to induct on n, letting k vary.

1The equivalence is immediate if n ≥ 1. For n := 0, the product notation yields the empty product, which is
1 by definition.
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Base Case: To verify that P (1) is true, we must show(
1

0

)
=

(
0

−1

)
+

(
0

0

)
and (

1

1

)
=

(
0

1

)
+

(
0

0

)
.

Since
(1

0

)= (1
1

)= (0
0

)= 1 and
( 0
−1

)= (0
1

)= 0, the base case P (1) is true.
Inductive Step: For a positive integer n, assume that P (n) is true, so that (10) holds for every
integer k such that 0 ≤ k ≤ n. By the base case, we may assume n ≥ 1.

Case 1: k = 0.

Then k−1 =−1, so
( n+

k−1

)= 0. Further,
(n+1

k

)= (n+1
0

)= 1 = 1+0 = (n
k

)+( n
k−1

)
, as desired.

Case 2: k = n +1.

Then
(n+1

n+1

)= 1. Further,
(n+1

k

)= (n+1
n+1

)= 1 = 0+1 = ( n
n+1

)+ (n
n

)
, as desired.

Case 3: 1 ≤ k ≤ n.

In this case,
(n

k

)
and

( n
k−1

)
will both be defined and nonzero. Then(

n

k

)
+

(
n

k −1

)
= n!

k !(n −k)!
+ n!

(k −1)![n − (k −1))!

= (n −k +1) ·n!

k ! · (n −k +1) · (n −k)!
+ k ·n!

k · (k −1)!(n −k +1)!

= (n −k +1) ·n!

k !(n −k +1)!
+ k ·n!

k !(n −k +1)!

= (n −k +1) ·n!+k ·n!

k !(n −k +1)!

= [(n −k +1)+k] ·n!

k ![(n +1)−k)!

= (n +1) ·n!

k ![(n +1)−k)!

= (n +1)!

k ![(n +1)−k)!

=⇒
(

n

k

)
+

(
n

k −1

)
=

(
n +1

k

)
,

as desired.

Therefore, the inductive step also holds, so Proposition 5.3 is true by induction.
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Next, we revisit Proposition 3.1, this time proving it using the Well-Ordering Principle:

Proof of Proposition 3.1 by the Well-Ordering Principle. We use proof-by-contradiction and
the Well-Ordering Principle, Axiom 4.4, to prove 1+2+·· ·+n = n(n+1)

2 for all positive integers
n.

Set

S :=
{

n ∈N : 1+2+·· ·+n ̸= n(n +1)

2

}
; (11)

that is, S is the set of positive integers for which the assertion in Proposition 3.1 is false. Our
goal is therefore to prove that S =∅.

ASSUME instead that S ̸=∅. Then by well-ordering, there exists a minimal element ℓ ∈ S.
That is,

1+2+·· ·+ℓ ̸= ℓ(ℓ+1)

2
,

and

1+2+·· ·+k = k(k +1)

2

for every positive integer k < ℓ.
First, observe that by inspection, 1 = 1(1+1)

2 , so 1 ∉ S. Since ℓ is the minimal element of S,
we must have ℓ> 1. It follows that ℓ−1 is a positive integer. Since ℓ−1 < ℓ and ℓ is minimal,
ℓ−1 ∉ S. Therefore,

1+2+·· ·+ (ℓ−1) = (ℓ−1)ℓ

2
.

Adding ℓ to both sides of the previous equation, we obtain

1+2+·· ·+ (ℓ−1) = (ℓ−1)ℓ

2

=⇒ 1+2+·· ·+ (ℓ−1)+ℓ= (ℓ−1)ℓ

2
+ℓ

=⇒ 1+2+·· ·+ (ℓ−1)+ℓ= ℓ

(
ℓ−1

2
+1

)
=⇒ 1+2+·· ·+ (ℓ−1)+ℓ= ℓ

(
ℓ+1

2

)
=⇒ 1+2+·· ·+ (ℓ−1)+ℓ= ℓ(ℓ+1)

2
=⇒ ℓ ∉ S.

This is a contradiction, though, because ℓ was selected to be the minimal element of S. Our
original assumption must therefore be false, so S =∅, as desired. Therefore, 1+2+·· ·+n =
n(n+1)

2 for every positive integer n, completing the proof.
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Compare the above proof of Proposition 3.1 using Axiom 4.4 to the initial proof in Sec-
tion 3. In general, for an induction-like proof using well-ordering, you consider the set S
of all n for which the claim is false. The goal is to prove S = ∅. Employing a proof-by-
contradiction strategy, we assume instead that S ̸= ∅, so by well-ordering, a nonempty S
has a minimal element ℓ. Using techniques similar to a direct induction proof (or other-
wise), show that ℓ ∉ S or that ℓ is not the minimal element of S. Either would contradict the
definition of ℓ, so our assumption S ̸=∅ is false, completing the proof.

The following application of well-ordering shows how it can be even more versatile than
standard formulations of induction:

Proposition 5.4. The smallest positive integer is 1. That is, if n is a positive integer, then 1 ≤ n.
In particular, there is no positive integer n such that 0 < n < 1.

Proof of Proposition 5.4. Let S := N, the set of all positive integers. In particular, S ⊆ N.
Clearly S ̸= ∅ since, in particular, 1 ∈ S. Since S is a nonempty subset of N, by Axiom 4.4
it therefore contains a minimal element ℓ ∈ S. I claim that ℓ≥ 1

ASSUME OTHERWISE; that is, assume that ℓ< 1. Since ℓ> 0, we combine this as the chain
of inequalities

0 < ℓ< 1.

Then since ℓ is a positive integer, multiplying all sides of the previous by ℓ preserves the
inequalities, yielding

0 < ℓ2 < ℓ.

This means that ℓ2 is also a positive integer, but it is strictly smaller than ℓ. That is a con-
tradiction, since ℓ is the smallest positive integer by definition. Our assumption is therefore
false, so ℓ≥ 1 as claimed.

Since 1 ≤ ℓ from above, and since ℓ≤ n for every positive integer n by the minimality of
ℓ, this implies 1 ≤ n, completing the proof.

Note that Proposition 5.4 is not a statement asking us to prove that P (n) is true for all
positive integers n. Axiom 4.4 is more flexible than mere induction, and we can use it to
prove, for example, that

p
2 is irrational.

6 Potential Pitfalls

For a proof by mathematical induction to be valid, it’s essential to establish both the base
case (or base cases) and the inductive step, as the following examples shall illustrate.

Important note: each of the numbered Claims in Section 6
is false. These purported proofs are examples of invalid
applications of mathematical induction.
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Claim 6.1. For every positive integer n, n2 +n +1 is even.

“Proof” of Claim 6.1. Assume that n2 +n + 1 is even for some positive integer n. Then we
have

(n +1)2 + (n +1)+1 = n2 +2n +1+n +1+1

= (n2 +n +1)+ (2n +2)

= (n2 +n +1)+2(n +1).

By hypothesis, n2+n+1 is even, and clearly 2(n+1) is likewise even. Therefore, we conclude
that (n +1)2 +n +1 is also even.

This purported, incorrect “proof”, though, is unsound. To see why, note that for n := 1,
n2 +n + 1 = 11 + 1+ 1 = 3, which is odd. The inductive step—establishing the truth of the
conditional statement that if n2 +n +1 even, (n +1)2 + (n +1)+1 is also even—is therefore
valid. However, the base case is false, so we have not met all the criteria for a proof by
induction.

This is typical of faulty proofs by induction: the argument is incomplete by failing to es-
tablish the base case. For a more subtle example of this mistake, we consider the following:

Claim 6.2. Let S1,S2, . . . ,Sn be finite sets. Then each of these n sets has the same size;2 that
is, |S1| = |S2| = · · · = |Sn |.
“Proof” of Claim 6.2. We proceed by induction. For the base case n = 1, we have a single set
S1, and clearly S1 has the same size as itself. Therefore, the base case holds.

For the inductive step, assume that for any collection of n finite sets, they all have the
same size. Consider a collection of n +1 finite sets S1,S2, . . . ,Sn ,Sn+1. Note that the collec-
tions

{S1,S2, . . . ,Sn−1,Sn} and {S2,S3, . . . ,Sn ,Sn+1}

are each collections of n finite sets. By our inductive hypothesis, then,

|S1| = |S2| = · · · = |Sn−1| = |Sn | and |S2| = |S3| = · · · = |Sn | = |Sn+1| .
Since |S2| is common to both collections, these respective common sizes must be equal.
Therefore, |S1| = |S2| = · · · = |Sn | = |Sn+1|, so the inductive step is true. By mathematical
induction, then, every set has the same size.

As in the “proof” for Claim 6.1, we again have a problem with the base case. Before, we
had simply ignored establishing the base case altogether. The “proof” for Claim 6.2, while it
nominally considers the case n = 1, doesn’t establish its base case completely.

To see why, think about the case n := 2. We would then have partitioned the collection
{S1,S2} into

{S1} and {S2},

2This is often formulated in slightly different ways: every car has the same color, every person has the same
name, or some similar variant.
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and there is no common element in these two subcollections.
This issue is a common danger in induction proof, where we might consider an index

like n −1 or n −2. To proceed, we must first establish such indices are themselves positive
integers, though, or else manipulation of objects with those indices is invalid.

7 An Especially Bonkers Use of Mathematical Induction

Our final example is a proof of one of the classical inequalities, the Arithmetic Mean-Geo-
metric Mean Inequality (“AM-GM”). We begin with some preliminary definitions:

Definition 7.1. Let a1, a1, . . . , an be a collection of n numbers. Then the arithmetic mean of
a1, a2, . . . , an is

a1 +a2 +·· ·+an

n
.

Definition 7.2. Let a1, a1, . . . , an be a collection of n nonnegative numbers. Then the geo-
metric mean of a1, a2, . . . , an is

(a1a2 · · ·an)
1
n = n

p
a1a2 · · ·an .

Theorem 7.3 (Arithmetic Mean-Geometric Mean Inequality). Let n be a positive integer, and
a1, a2, . . . , an be nonnegative real numbers. Then the geometric mean of {a1, a2, . . . , an} is no
greater than the arithmetic mean of {a1, a2, . . . , an}; that is,

(a1a2 · · ·an)
1
n ≤ a1 +a2 +·· ·+an

n
. (12)

Further, equality in (12) holds if and only if a1 = a2 = ·· · = an .

We first need the special case of Theorem 7.3, with n := 2 as a preliminary step:

Lemma 7.4. Let x, y be nonnegative real numbers. Then

p
x y ≤ x + y

2
, (13)

with equality if and only if x = y.

Proof of Lemma 7.4 (Cauchy). Let x, y be nonnegative real numbers. Then

0 ≤ (
p

x −p
y)2,

with equality if and only if x = y . Therefore,

0 ≤ (
p

x −p
y)2 =⇒ 0 ≤ x −2

p
x y + y

=⇒ 2
p

x y ≤ x + y,

so p
x y ≤ x + y

2
with equality if and only if x = y , as claimed.
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Using Lemma 7.4, we can now proceed with a proof of Theorem 7.3. The following proof
of the general AM-GM Inequality, attributed to Cauchy, is an especially creative application
of mathematical induction.

Cauchy’s Induction Proof of the AM-GM Inequality. Clearly Theorem 7.3 holds for n = 1 triv-
ially, and the theorem holds for n = 2 by Lemma 7.4. These provide our base cases for the
proof.
“Forward” Inductive Step: I claim that for all positive integers k, if (12) holds for all sequences
of length n := 2k , then (12) also holds for all sequences of length n := 2k+1.

Let k be a positive integer, and let a1, a2, · · · , a2k+1 be a set of nonnegative real numbers.
Consider the related sequence b1,b2, . . . ,b2k of length 2k defined by b1 := a1+a2

2 , b2 := a3+a4
2 ,

and so on up to b2k := a2k+1−1+a2k+1

2 ; in general,

b j := a2 j−1 +a2 j

2
.

Since b1,b2, . . . ,b2k is a sequence of length 2k , by hypothesis the AM-GM Inequality holds,
with equality if and only if b1 = b2 = ·· · = b2k . Therefore,

(
b1b2 · · ·b2k

) 1
2k ≤ b1 +b2 +·· ·+b2k

2k

=⇒
[(a1 +a2

2

)(a3 +a4

2

)
· · ·

(a2k+1−1 +a2k+1

2

)] 1
2k ≤

(a1+a2
2

)+ (a3+a4
2

)+·· ·+
(

a2k+1−1+a2k+1

2

)
2k

=⇒
[(a1 +a2

2

)(a3 +a4

2

)
· · ·

(a2k+1−1 +a2k+1

2

)] 1
2k ≤ a1 +a2 +·· ·+a2k+1−1 +a2k+1

2k+1

=⇒ (p
a1a2 ·pa3a4 · · · · ·

√
a2k+1−1a2k+1

) 1
2k ≤ a1 +a2 +·· ·+a2k+1−1 +a2k+1

2k+1
,

by Lemma 7.4, whence

=⇒ (
a1a2a3a4 · · · · ·a2k+1−1a2k+1

) 1
2k+1 ≤ a1 +a2 +·· ·+a2k+1−1 +a2k+1

2k+1
.

This establishes the inequality (12) holds for a1, a2, . . . , a2k+1 . Further, equality holds if and
only if b1 = b2 = ·· · = b2k and a1 = a2, a3 = a4, etc., and a2k+1−1 = a2k . Together, this im-
plies equality holds if and only if a1 = a2 = ·· · = a2k+1 . Therefore, as claimed, the “forward”
induction step holds.
“Backward” Inductive Step: I claim that if n ≥ 2 is a positive integer, and if (12) holds for all
sequences of length n, then (12) also holds for all sequences of length n −1.

Let n be any positive integer with n ≥ 2, and let a1, a2, . . . , an−1 be nonnegative real num-
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bers. We build the associated sequence b1,b2, . . . ,bn−1,bn of length n by

b1 := a1

b2 := a2

...
...

bn−1 := an−1

bn := a1 +a2 +·· ·+an−1

n −1
.

In particular, bn has been selected in this way so that

a1 +a2 +·· ·+an−1

n −1
= b1 +b2 +·· ·+bn−1 +bn

n
; (14)

that is, the arithmetic mean of a1, a2, . . . , an−1 equals the arithmetic mean of b1,b2, . . . ,bn . In
particular, if each b j ≥ 0, then an ≥ 0 as required, too.

Since b1,b2, . . . ,bn is a sequence of length n, by our inductive hypothesis, the AM-GM
Inequality holds for b1, . . . ,bn , with equality if and only if b1 = b2 = ·· ·bn . Therefore, we have

(b1b2 · · ·bn−1bn)
1
n ≤ b1 +b2 +·· ·+bn−1 +bn

n

=⇒
[

a1a2 · · ·an−1 ·
(a1 +a2 +·· ·+an−1

n −1

)] 1
n ≤ a1 +a2 +·· ·+an−1

n −1
, by (14)

=⇒ a1a2 · · ·an−1 ·
(a1 +a2 +·· ·+an−1

n −1

)
≤

(a1 +a2 +·· ·+an−1

n −1

)n

=⇒ a1a2 · · ·an−1 ≤
(a1 +a2 +·· ·+an−1

n −1

)n−1

=⇒ (a1a2 · · ·an−1)
1

n−1 ≤ a1 +a2 +·· ·+an−1

n −1
,

Therefore, if the AM-GM Inequality holds for sequences of length n, it also holds for se-
quences of length n −1 as well.
Summary: First, we proved that (12) holds for all collections of nonnegative real numbers
where n = 1 or 2. Next, we proved that (12) holds for arbitrarily large positive integers n,
namely those of the form n = 2k , where k is a positive integer. Finally, we proved that if
n > 1 and (12) holds for n, then it also holds for n − 1. In each case, we also showed that
equality obtains if and only if all elements are equal.

For any positive integer n, then, choose a positive integer k such that n ≤ 2k . If n = 2k ,
then our “forward induction” establishes the AM-GM Inequality for n. Otherwise, we can
use the “backward induction” to show that AM-GM holds for 2k −1, 2k −2, and so on until
after sufficiently many decrements, we show that AM-GM holds for n itself. Therefore, by
this circuitous variant of induction, we have shown that the AM-GM Inequality holds for
every positive integer n.

Whew!
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8 Closing Remarks

Mathematical induction, as well as its siblings, are powerful tools to prove certain kinds of
statements. That said, it is worth noting some limitations of mathematical induction, too.

8.1 Mathematical induction helps us prove certain assertions, but it give no insight how
to derive them.

For example, using induction, we can prove Binet’s Formula, Proposition 5.1, is a
closed-form expression for the Fibonacci numbers. By itself, though, induction gives
us no way to discover that formula in the first place.

8.2 Induction can be powerful where it applies, but its range of applicability may be nar-
row.

The types of assertions eligible to be proven via induction are those of the form “prove
that for all positive integers n, P (n) is true”. For statements of this form, induction can
be effective. But for nearly any other type of statement, induction can’t apply. (That
said, Axiom 4.4 is more flexible than induction alone, and it can be applied to an even
wider class of mathematical propositions.)

8.3 Induction is a valid method of proof, but how to use induction may not be obvious.

In particular, the AM-GM Inequality proof shows how we may need to modify the
structure of induction itself before arriving at a valid proof.

None of these observations, though, are dismissals of induction. As you’ll discover with
further experience, induction is a powerful, versatile proof strategy, often indispensable for
many types of exercises you’ll be asked to prove.
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